A solution of the motion planning without obstacles for the standard n-trailer system is proposed. This solution relies basically on the fact that the system is flat with the Cartesian coordinates of the last trailer a s a linearizing output. Thc FrCnat formulae are uscd LO simplify the calculations and permit to deal with angle constraints. The gcncral 1-trailer system, where the trailcr is not directly hitched to thc car at the center of the rear axle, is also flat. The gcometric construction used for the standard 1-trailer system can be extended to this morc realistic system. MATLAR simulations illustrate this method.
Introduction
In [ 5 , 6 , 7,4,8,9] a new point of view on thc full lincarization problem via dynamic feedback 131 is proposed by inlrmiucing the notion of flatness and linearizing output. The aim of this paper is to show that such a standpoint can he very useful for motion planning.
Roughly speaking, a control system is said to be (diJJerenriafly) Jar if the following conditions are satisficd:
1. there exists a finite set : y = (yll . . . ~ ym) of variablcs which are differentially indepcndent, i.e., not relalcd by any differential equations, 2. the 9 % '~ ate differential functions of the system variables, i.e., are functions of the system variablcs (statc, input,
. . .) and of a finilc number of their derivatives.
We call y = (yl , . . . , 9,) a j u t or linearizing output. Its numbcr of components equals the number of independent input channels. Notice however that the concept of flatness, which can be made quite precise via the language of diflerentiaf algebra IS, 6 , 7, 41 and of diJ'jferentiul geometry [8, 91, is best defined by not distinguishing bctwccn input, sme, output and other variables.
For a "classic" dynamics, 3: = f(z, U), x = (x1, . . . ,%), U = (UI,. . .,U,), (1) flatness implics the existence of a vector-valued function h such that This paper addresses the standard n-trailer system considered by many authors (see, e.g., [22, 24, 17, 21, 161 and the references herein) and the general n-trailer system that, as far as we know, has never been considered in details. The gcneral n-trai1e.r system is more realistic and differs from the standard one by the fact that trailer i + 1 is hitched to trailer i -1 not directly at the center of its rear axle, but at a certain distance of this point (see, e.g., figure 5) .
Section 2 completes [19] whetc parking simulations were presented. The standard n-trailer system is shown to be flat. The Cartesian coordinates of the last trailer give the linearizing output. The natural parameterization of the curve followed by the last trailer and the Fdnet formulas are inuoduced. They lead to a simple geometric construction underlying proposition 2 and provide a global and consmctive solution of the motion planning problem.
In section 3, the general 1-trailer system is considered. This system is flat but the construction of the linearizing oulput is much more involved and relies on [15, 141 where an old result of E. Cartan [2] is used. Nevertheless, the geometric consuuction used for the standard 1-trailer system can be extended to the general one and proposition 4 gives a global answer to the motion planning. As in [19] , detailed calculations and MATLAB simulations are given.
The standard n-trailer system
The notations are summarized on figure 1. The model is the following :
where (zo,yo, rp, 00,. . . In [6] ,the following proposition was proved. coordinates of the point P,,, the middle of the wheels axle of the last trailer :
In [ 191 was also hinted that the computations of the explicit form (2) are strongly simplified by the Frenet formula and a geometric construction. Here we complete proposition 2 of [19] by a more precise one where natural physical constraints (the impossibility of the trailer i to be in front of trailer i -1) are explicitly satisfied. The dctailed proof is given here below. It is constructive and gives explicitly (u1 (t), ~( t ) ) .
The basic ideas and formula we as follows. Denole by C, the curve followed by P,, i = 0, . . . , n. As displayed on figure 2, h e point E-1 belongs to the tangent U) C, at P, and at the fixed distance 4 from E: 
(5)
Lemma Consider a trajectory of (3) such that the curve C, 
dnn followed by P, is smooth with the natural parameterization
(ii) the curves C, und C fiA1owt.d by P, and Q are smooth (10) and (12)). -Pn(0) = P n and Pn(Ln) = F n for some L, > 0.
where (2, y) are the Cartesian coordinates of point A. Pa"-cters 1, a and b are positive lengths. The case a c 0 is similar to a > 0 and is not lreatcd here.
In [IS] , this system was shown to be flat. This result was inspired by [2] . This paper is also connected to [16, 25] , where Goursat normal forms and chained systems are constructed: it is not difficult to prove that driftless systems which, up to changes of coordinates and slatic or dynamic endogenous fkcdbacks, can be put into chained forms, are necessarily flat
We just give here the geometric construction and the analog of propositions I and 2. Notice that, contrarily to (3), the explicit derivation of the linearizing output is far from being obvious.
-the dir_eclion of tangent at p, (resp. P,) is given by lhe = bcos @ + angle 0,' (resp. 3, ) ;
-the first n derivatives of the signed curvature K n at pints 
When a = 0, y = r / 2 and P coincides with B.
Sketch of the proof The arguments are very similar to Lhosc used for proposition 2. Thc computations are slightly more complex. We use the Frenet formulas for the curve P followed by the linearizing point P and thc geometric construction of figure 3 . This geometric construclion can be easily uscd for solving the steering problem of the general 1-trailcr system. As in [19] , a simple steering program can be directly deduccd from such developments. Thc MATLAB simulations of figure 4 illustrate the interest of flatness combined with such gcomclric constructions.
Concluding remarks
The concept of flatness, which has been illustrated by thesc nonholonomic systems, may be utilized in many industrial applications, such as the crane [lo] , aircraft control [13] and chemical reactors [20, 181 . Neverthelcss, all systems are not flat. Using the flatness characterization given in [15] , one can prove that the general 2-trailer systcm of figure 5 figure 5 a new control that steers directly the last trailer, thc system becomes flat: the linearizing output is then formcd of the point P with the angle of the last trailer. This fact cxplains probabily why multi-steering lrailcr systems are cncouiitcrcd in practice.
